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Abstract 

We show a sharp fractional Moser-Trudinger type inequality in dimension 1, i.e. for any 
interval / (g R and p G (1, oo) there exists Op > 0 such that 


sup 




dx = Cp\I\, 


and Op is optimal in the sense that 


sup 




J h{u)t 




dx = -boo, 


for any function h : [0,oo) —>■ [0, oo) with limt^oo h(t) = oo. Here Hp’^{I) = {u G L^(R) : 
(—A)^u G LP(R),supp(?7) C /}. 

Restricting ourselves to the case p = 2 we further consider for A > 0 the functional 

J[u) := - J \{—A)*ufdx — X J — 1^ dx, uGH^’^{I), 

and prove that it satisfies the Palais-Smale condition at any level c G (—oo, tt). We use these 
results to show that the equation 


(-A)2-u = A?7e2“^ in/ 

has a positive solution in //L^p) if and only if A G (0,Ai(/)), where Ai(/) is the first 
eigenvalue of (—A) 2 on /. This extends to the fractional case some previous results proven 
by Adimurthi for the Laplacian and the p-Laplacian operators. 

Finally with a technique by Ruf we show a fractional Moser-Trudinger inequality on R. 
MSC 2010. 26A33, 35R11, 35B33. 

‘The authors are supported by the Swiss National Science Foundation, project nr. PP00P2-144669. 


1 



1 Introduction 


According to a celebrated result in analysis, if C M” is an open set with finite measure 
|n|, k is a positive integer smaller than n, and p G [Ij f)) then the Sobolev space WQ'^{kl) 

np 

embeds continuously into (0). It is also known that in the borderline case P = ^ one has 

a 

iyQ’''(n) On the other hand, as shown by Pohozaev [23], Trudinger [33|, Yudovich 

[36] and others, for the case k = 1 one has 

C G L^(0) : Ep{u) := J < oo| , for any /3 < oo, 

and the functional Ep is continuous on Wg^’”'(0). This embedding was complemented with a 
sharp inequality by Moser [26], the so-called Moser-Trudinger inequality: 

r n 1 

sup / < Cini, an ■= nuiillZi, (1) 

where con-i is the volume of the unit sphere in M”, and the constant an is sharp. 

Several generalizations and applications of the Moser-Trudinger inequality have appeared in 
the course of the last decades. In this work we investigate a fractional version of ([T]), and in 
particular its sharpness, restricting our attention to dimension 1. Moreover we will consider a 
functional associated to it and discuss its critical points. 

In order to state the main results of the paper we first introduce some relevant function 
spaces. Let s G (0,1). We consider the space of functions Ls{R) defined by 

L,(M) = |u G -^I0^dx < ooj . (2) 

For a function u G Ls(M) we dehne (—A)^u as a tempered distribution as follows: 

{{—Ayu,(p):= f u{—Ay(pdx, (f&S, (3) 

Jr 


where S denotes the Schwartz space of rapidly decreasing smooth functions and for G 5 we 
set 

(-A)V 

Here the Fourier transform is dehned by 


yiO = -^¥^(0 := 


1 




e “^(/?(x) dx. 


Notice that the convergence of the integral in ([3|) follows from the fact that for ip € S one has 

|(-A)V(x)| <C(l + |a:|^+2^)-\ 


For s G (0,1) and p G [l,oo] we dehne the Bessel-potential space 

:= |« G LP{R ): (-A)tu G , 


( 4 ) 
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and its subspace 


:= {u £ LP{R) : n = 0 in M \ /, (-A)f u G LP{R)}, 
where / d M is a bounded interval. Both spaces are endowed with the norm 

1.1 A fractional Moser-Trudinger type inequality 

The first result that we shall prove is a fractional Moser-Trudinger type inequality: 

Theorem 1.1 For any p G (1, +oo) set p' = and 


1 

Op •- 2 


2 cos 


TT 


, r(z):= 


p+oo 
:= / 

Jo 




e dt. 


Then for any interval I d M and a < Up we have 


sup 


dx = Cp\I\, 


(5) 


( 6 ) 


(7) 


( 8 ) 


and a = ap is the largest constant for which ([8|) holds. In fact for any function h : [0, oo) —>■ 
[0, oo) with 

lim h{t) = oo (9) 


t—^OO 


we have 


sup 


h{u) dx = oo. 


( 10 ) 


Remark 1 Notice that in ([S]), instead of the standard Hp’P- norm defined in ([6]), we are using 

1 

the smaller norm ||n||* := \\{—A)'^pu\\ip(^jy This turns out to be equivalent to the full norm 
||u||^i on Hp’P{I). This fact does not appear to he obvious, but one can prove it as fol¬ 
lows. By Theorem 7.1 in 116^ the operator T : u ((—A)^tt)|/ is Fredholm from Hp’P{I) 
— (-) - 

(= Hp^ ^ (I) in the notation of fWJ) into LP{I). Moreover T is injective by Lemma [AH below. 
This implies that 


m 1 

HP’ 


< C||Tn||iP(j-) = C||ii||*, for every u G Hp’^{I). 


Recently A. lannizzotto and M. Squassina m Cor. 2.4] proved a subcritical version of 
in Theorem o in the case p = 2, namely 


sup 

neR^’"(/):||(-A)K|T2(*)<l' 


dx < Cq,| 7|, for a < tt. 
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1.2 Palais-Smale condition and critical points 

In the rest of this paper we will focus on the case p = 2, and denote 

H := ||u||h := ||(-A)iu||i2(K). (11) 

By Remark [1] also this norm is equivalent to the full Hz’^-norm on This also follows 

from the following Poincare-type inequality (see e.g. m Lemma 6]): 

||u||| 2 (/) < ^^||(-A)U||22^g^ for u G #^’2(/), (12) 

where Ai > 0 is the Hrst eigenvalue of (—A) 2 on see Lemma lA.8l in the appendix. 

We now investigate the existence of critical points of functionals associated to inequality ([8]) 
in the case p = 2. Since we often integrate by parts and (—A)^u is not in general supported in 
/ even if u € it is more natural to consider the slightly weaker inequality 


sup 

u^H, ||w|||^<27r 




(13) 


where we use the slightly different norm given in (jlip . The reason for using the constant ^ 
instead of a 2 = vr in the exponential and having ||u||^ < 27r instead of ||u|||^ < 1 is mostly 
cosmetic, and becomes more apparent when studying the blow-up behaviour of critical points 
of functionals associated to (fT^ (see (fT5]l below, and compare to [20] and [24]L 

We want to investigate the existence of solutions of the non-local equation 

(—A) 2 m = Aue 2 “^ in/, u = 0 in M \/, (14) 


which is the equation satisfied by critical points of the functional E : M\ —)• M, where 

E{u) = j ^ 62 “ — 1^ dx, Ma := {u € H : \\u\\% = A}, 

A > 0 is given, A is a Lagrange multiplier and E is well dehned on Ma thanks to Lemma IT 
below. Since with this variational interpretation of (I14j) it is not possible to prescribe A, we will 
follow the approach of Adimurthi and see solutions of (1141) as critical points of the functional 


J : // —^ M, J{u) = ^||u|||/ ~ ^ ~ 


(15) 


Again J is well-defined on H by Lemma 12.31 Moreover it is differentiable by Lemma 12.51 below, 
and its derivative is given by 


{J'{u),v) := ^J{u + tv) 


= {u,v)h — ^ uve 2 ^ dx, 


t=o 


for any u,v G H, where 


{u,v)h'■= / (—A)4ti(—A)4t!(ix. 
Jr 


4 





In particular we have that if u € H and J'{u) = 0, then u is a weak solution of Problem (1141) in 
the sense that 

{u,v)h = ^ j uve^'^^dx, for all u G-fl. (16) 

That this Hilbert-space definition of ()14p is equivalent to the definition in sense of tempered 
distributions given by ([3]) is discussed in the introduction of [20]. 

To find critical points of J we will follow a method of Nehari, as done by Adimurthi [3]. An 
important point will be to understand whether J satisfies the Palais-Smale condition or not. We 
will prove the following: 

Proposition 1.2 The functional J satisfies the Palais-Smale condition at any level c G (—oo, tt), 
i.e. any sequence (uk) with 

J(ufe) ^ c G (—oo, tt), \\J' {uk)\\H' ^ 0 as k ^ oo (17) 

admits a subsequence strongly converging in H. 

Theorem 1.3 Let / C M 6e a bounded interval and Xi{I) denote the first eigenvalue o/(—A )2 
on H = Then for every A G (0, Ai(/)) Problem (I14p has at least one positive solution 

u ^ H in the sense of CS]). When A > Ai(/) or A < 0 Problem (jl4[) has no non-trivial 
non-negative solutions. 

To prove Theorem 11.31 one constructs a sequence {ujf) which is almost of Palais-Smale type 
for J, in the sense that J{uk) — )• c for some c G M and {J'{uk),Uk) = 0. Then a modified version 
of Proposition 11.21 is used, namely Lemma (3. II below. In order to do so, it is crucial to show that 
c < vr (Lemma 14.41 below) and this will follow from ([lOp with p = 2 and h{t) = |tp. Interestingly, 
in the general case s > 1, n> 2, p = j, the analog of (|10p is known only when s is integer or 
when h satisfies \imt^oo{t~P'h{t)) = oo (see [25] and Remark [2] below). 

Both Proposition 11.21 and Theorem 11.31 were hrst proven by Adimurthi |3] in dimension n > 2 
with (—A) 2 replaced by the n-Laplacian. 

Let us briefly discuss the blow-up behaviour of solutions to (fTTp . Extending previous works 
in even dimension (see e.g. the second and third authors and Armin Schikorra 

[20] studied the blow-up of sequences of solutions to the equation 

(—A)tit = A«e?“^ in n d M"' 

with suitable Dirichlet-type boundary conditions when n is odd. The moving plane technique 
for the fractional Laplacian (see 0) implies that a non-negative solution to (|14p is symmetric 
and monotone decreasing from the center of I. Then it is not difficult to check that in dimension 
1 Theorem 1.5 and Proposition 2.8 of m yield: 

Theorem 1.4 Fix I = {—R,R) (£ M and let [uk] <Z H = be a sequence of non-negative 

solutions to 

(-A)^Mfc = ini, (18) 

in the sense of (fTHp . Let mk ■= supjUk and assume that 

A := limsup < oo- 

k—^oo 

Then up to extracting a subsequence we have that either 
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( 19 ) 


(i) Uk ^ Uoo in Cioci^) n C^{I) for every £ > 0, where u^o G C^oc^I) ^ ^ solves 

1 12 
( Uqq — Aqo^cx:)^^ °° in 1 1 


for some Aqo G (O)^i(l)): or 


(ii) Uk —)• Uoo weakly in H and strongly in \ {0}) where Uoo is a solution to (HI]). 

( 20 ) 


Moreover, setting rk such that \krkm‘le 2 ^>= and 

rjk{x) := mk{uk{rkx) - mk) +log2, r]oo{x) := log 


1 + \x\ 


one has rjk —)■ r/oo in C/ (M) for every £ > 0 and A > ||tioo|| w + 27 r. 


The function r]oo appearing in (f20]l solves the equation 

(—A)2 ?7 oo = e^°° in M, 


which has been recently interpreted in terms of holomorphic immersions of a disk (or the half¬ 
plane) by Francesca Da Lio, Tristan Riviere and the third author [11] . 

Theorem 11.41 should be compared with the two dimensional case, where the analogous equa¬ 
tion —Au = Atie“ on the unit disk has a more precise blow-up behaviour, see e.g. [5], ID, m, 

m- 


1.3 A fractional Moser-Trudinger type inequality on the whole M 

When replacing a bounded interval / by M, an estimate of the form ([8|) cannot hold, for instance 
because of the scaling of dH]), or simply because the quantity ||(—A) 2 pu|| 2 ,p(k) vanishes on con¬ 
stants. This suggests to use the full Sobolev norm including the term ||u||ip(/) (see Remark [T|). 
This was done by Bernhard Ruf [30| in the case of We shall adapt his technique to 

the case 


Theorem 1.5 We have 


sup 

||u|| 1 r, 

ir^’ (K) 


— l^dx< oo, 


where defined in (0. Moreover, for any function h : [0,oo) 


lim {t ^h{t)) = oo 

t^OO 


we have 


sup f h{u) dx = oo. 


( 21 ) 

[0, oo) satisfying 

( 22 ) 

(23) 


||u|| 1, <i' 

(K) 


In particular the constant vr in (EH) is sharp. 
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A main ingredient in the proof of (j21jl is a fractional Polya-Szego inequality which seems to 
be known only in the setting, being based mainly on Fourier transform techniques. 

Open question 1 Does an -version of Theorem \1.5\ hold. i.e. can we replace TTS’^ with 
in mi ? 

The reason for requiring (I22h in Theorem 11.51 (contrary to Theorem 11.11 where ([9]) suffices) 
is that the test functions for (1231) will be constructed using a cut-off procedure, and due to the 
non-local nature of the giving a precise estimate for the norm of such test functions 

is difficult. 

Open question 2 In analogy with Theorem \1.1[ does (|23|) hold for every h satisfying ([9|) ? 

In the following sections we shall prove Theorems 11.1111.31 and 11.51 and Proposition 11.21 In 
the appendix we collected some useful results about fractional Sobolev spaces and fractional 
Laplace operators. 


2 Theorem 11.11 


2.1 Idea of the proof 

The following analog of ([8|) 


sup 

u=CpI i*f :supp{f)cl, ||/||lp(7)<1 

P 


e^p\^\^ dx = Cp\I\, Ii{x):=\x\I 




(24) 


is well-known (also in higher dimension, see e.g. |35l Theorem 3.1]), since it follows easily from 
the Theorem 2 in [2], up to choosing Cp so that 

Cp(-A)i/i = 5o, (25) 

p 

compare to Lemma l2.II below. 

j_ 

In (I24p one requires that the support of / = (—A)2pu is bounded; following Adams [2] one 

j_ _ j_ 

would be tempted to write u = Ii * {—A)^pu and apply (|Mll . but the support of {—A)^pu is in 

P 

general not bounded, when u is compactly supported. 

In order to circumvent this issue, we rely on a Green representation formula of the form 

u{x) = / Gj_{x,y){-A)^u{y)dy, 

Jl 2p 

and show that \Gj_{x,y)\ < Ii{x — y) for x ^ y. This might follow from the explicit formula 

2p P 

of Gs{x,y), which is known on an interval, see e.g. [6] and [TO], but we prefer to follow a more 
self-contained path, only using the maximum principle. 

More delicate is the proof of m- We will construct functions u supported in I with 
(—A)2pu = / for some prescribed function / £ LP(/) suitably concentrated. Then with a 

barrier argument we will show that u £ Hp’^{I), i.e. (—A)^tt £ L^(M). This is not obvious 
1 1 
because (—A) ^p is a non-local operator and even if u = 0 in D, (—A) ^pu does not vanish outside 

I, and a priori it could even concentrate on dl. 
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Remark 2 An alternative approach to (jlOl) uses the Riesz potential and a cut-off function fj, 
as done in \25^ following a suggestion of A. Schikorra. This works in every dimension and 
for arbitrary powers of —A, but it is less efficient in the sense that the ||(—A)^V’I|lp is not 
sufficiently small, and (unD (or its higher-order analog) can be proven only for functions h such 
that h{t)) = oo. On the other hand, the approach used here to prove (fTn|) for every 

h satisfying ([9]) does not work for higher-order operators, since for instance if for d we 
take u € solving Au = / € then we do not have in general u € 

2.2 Proof of Theorem 11.11 

By a simple scaling argument it suffices to prove ([8]) for a given interval, say I = (—1,1). 
Lemma 2.1 For s G (O, the fundamental solution of (—A)® on ffi is 

^ 2cos(s7r)r(2s)|xP“2^ ’ 

i.e. {—AyFs = do in the sense of tempered distributions. 

Proof. This follows easily e.g. from Theorem 5.9 in m- n 


Lemma 2.2 Fix s G (O, ^). For any x G / = (—1,1) let gx G C°°(]R) be any function with 
9x{y) = Fs{x — y) for y G F. Then there exists Hs{x, •) G + gx unique solution to 

f (-Ayffffx,-) = 0 ini 

\ Hs{x, ■) = gx m M \ / ^ ^ 


and the function 

Gs{x, y) := Fs{x - y) - Hs{x, y), (x, y) G / x M 

is the Green function of (—A)^ on I, i.e. for x £ I it satisfies 



f (-A)®Gs(x, •) = 4 ini 

1 G(x, y) =0 fory €U\I. 

(27) 

Moreover 

0 < Gs(x,y) < Fs(x - y) foryffxGl. 

(28) 

Finally, for any function u 

G H‘^^’P{I) (p G [l,oo)J we have 


u{x 

) = j^Gs{x,y){-Ayu{y)dy, for a.e. x G I, 

(29) 


where the right-hand side is well defined for a.e. x G / thanks to (I28p and Fubini’s theorem. 

Remark 3 The first equations in (IMl) above and in mi below are intended in the sense of 
distribution, compare to m- 





Proof. The existence and non-negativity of Hs{x,-) for every x € I follow from Theorem IA.2I 
and Proposition IA.3l in the Appendix. The next claim, namely (I27|) . follows at once from Lemma 
Oand (pli . 

We show now that G{x, y) >0 for every (x, y) £ I x I. We claim that 

liin Hs{x,y) = Hs{x,±l) = Fs{x^l), (30) 

y^±l 

hence Gs{x,y) —>• 0 as y —)• dl, and by Silvestre’s maximum principle, Proposition IA.6I below, 
we also have Gs(x, •) > 0 for every x £ I, hence also (l28l) follows. For the proof of (l30]l notice 
that 

Hs{x,-) ■.= Hsix,-)-gx£H^’\l) 

satifies 

f {-AyHsix,-) = -{-AYg^ ini 
\ Hs{x,-)=0 in M \ / 

and ((—A)®ya,)|/ £ L°°{I) by Proposition lA.7h we are using that gx £ C'°°(M)), hence Proposition 
I A. 4 1 gives Hs{x,y) —)• 0 as y —)• dl, and p0]l follows at once. 

To prove ([29]) . let us start considering u £ Gf°{I). Then, according to ([27)1 . we have 

u{x) = {6x,u) = {{-AYGs{x,-),u) = J^Gs{x,y){-AYu{y)dy. 

Given now u £ let {uk)k&N C Gf°{I) converge to u in i.e. 

Uk —>■ u, {—AYuk —)■ (—A)^rt in L^(M), hence in L^{I), 
see Lemma I A. 51 Then 

u Uk = J^Gs{-,y){-AYuk{y)dy j^Gs{-,y){-AYu{y)dy, 

the convergence on the right following from (I28p and Fubini’s theorem: 


Gs{x, y) [{-AYuk{y) - (-A)^u(y)] dy 


dx 


< “ y)\{-‘^Yukiy) - i-AYu{y)\dxdy 


< sup ||Fs||ii(j_y)||(-A)^Ufc - (-A)^ullii(j) 0 

yel 


as A: —)• oo. Since the convergence in implies the a.e. convergence (up to a subsequence), ([2^ 
follows. □ 

Proof of Theorem \1.1[ Set s = ■^. From Lemma 12.21 we get 

p—1 — — 1 

0 < {2ap) p Gs{x,y) < Ii{x-y) = \x-y\p , 

V 

where Gs is the Green’s function of the interval I defined in Lemma 12.21 Ghoosing / := 
|(—A)2pu||j- and using (f28]l and (|2^ . we bound 

(2ap) V|n(x)| < (2 q;p) V f Gs{x,y)f{y)dy < Ii* f{x) 

Ji p 
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and dEI) follows at once from 

It remains to show m- The proof is based on the construction of suitable test functions 
and it is split into steps. 

Step 1. Definition of the test functions. We fix r > 1 and set 


f{y) 


friy) ■■= ^\y\ 





Notice that 



Now let u = Ur G solve 


1 

(2r)P-i■ 


f (—A)^tt = / in / 
I u = 0 in 


in the sense of Theorem IA.2I in the appendix. 

Step 2. Proving that u G According to Proposition IA.4I u satisfies 

|tt(x)| < (711/11^00(1 — for X G /. 

We want to prove that (—A)^u G U’{W). Since by Proposition IA.7I 

(-A)*u(x) = CsJ^ for |x| > 1 

and u is bounded, we see immediately that 

|(-A)^n(x)| < for \x\ > 2, 

hence 

II(-^)^^^IIl9(e\[- 2,2]) < oo for every q G [l,oo). 

Now we claim that 


(31) 


(32) 


(33) 


(34) 


(!) := ||(-A)*n||i,([_ 2 , 2 ]\[-i,i]) < oo, q = max{p,2}. 
Again using Proposition IA.71 ()33p and translating, we have 


{!) = 




c 


-u{y)dy 


Li \y — 


dx\ <C 


i:\i: 


y^dy 


{y - x) 


l+2s 


dx 


and using the Minkowski inequality 




F{x,y)dy 



< Ja \F{x,y)\‘^dx'^' dy, 


(35) 
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we get 


{i)<c 




dx 

^)(l+2s)q 


dy<C 



dy 



< oo, 


since 1 + s — ^ < 1. This proves ()35p . 

To conclude that (—A)*u G LP(M) it remains to show that (—A)^u does not concentrate on 
dl = {— 1 , 1 }, in the sense that the distribution defined by 


(T,^) 


I „(-A)V<ix - I - C. I 

(Ti, ip) - {T 2 , if) - (Tg, if) for ip G (M) 


dy ip{x)dx 


vanishes. Notice that {T,ip) = 0 for 99 G (^“(M \ dl), since Ti = (—A)^u, while 
{ T 2 ,‘ f ) = {{-^ Yu , ip ), ( r 3,(/?)=0 for 99 GC '“(/) 

by (|32]) . and 

{T 2 ,ip)= 0 , {n,ip) = {{-A)^u,ip) foTipGCY^in 

by Proposition lA.Ti and for ip G (7^(1^ \ dl) we can split ip = (pi + ip 2 with (pi G C^{I) and 
ip 2 G CY^{P)- In particular supp(T) C dl. 

It is easy to see that Ti is a distribution of order at most 1, i.e. 


/ 


u{—A)^ipdx 


< C'll</^llci(R)> for every (/? G C; 


(use for instance Proposition IA.7h . and that T 2 and T 3 are distributions of order zero, i.e. 


\{Ti,ip)\ <C\\ip\\Loo(j^^ fori = 2,3. 

Since supp(T) C dl it follows from Schwartz’s theorem (see e.g. [HI Sec. 6.1.5]) that 

T = a6-i + /3(5i + dD5-i + PD6i, for some a, (3,d,Y ^ M, 

where {Dd^o^ip) := -(4o,<^') = -^'{xq) for ip G (^“(M). 

In order to show that d = 0, take ip G C'^(M) with 

supp((/3) C (-1,1), (/?'(0) = 1, <^(0) = 0, 

and rescale it by setting for ip\{—l + x) = Xip{\~^x) for A > 0. Since T 2 and T 3 have order 0 it 
follows 


KTj, (^>.)| < CA —^ 0 as A —0, fori = 2,3. 
As for Ti, using Proposition IA.7I we get 

(T^ ^ r r -ip^jy) 

c. ^ a / b ,(- i ) \x-y\ 


/ 

u{x) 

7(S2a(-1)) = 


+ [ 

u{x) 



+ / 

u{x) 




_ 1 + 25 

^x{x) 

\x — 


dydx 


dydx 


hS4A(-i)p 

f ^\{x)-p\{y) 


_ o,|l+2s 


dydx 


= : (I) + {II) + (III). 
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Since ||</?a||l°°(k) = C^pX and u G L°°(M), one easily bounds |(/)| + |(//)| —0 as A —)• 0, and 
using that sup^ \ip'y\ = supjj \ ip'\ we get 

[ l'^(^)l f 1— ^ ^ dydx < CX^~^^ [ \u{x)\dx ^ 0 as A —)• 0. 

Jb2x{- 1) J~ y\ ■JB2xi-l) 

Since for A G (0,1) we have (T, if) = —a, by letting A —)• 0 it follows that d = 0. Similarly one 
can prove that 13 = 0. 

We now claim that a, /3 = 0. Considering 


u{x) := u{x) — aFs{x + 1) — l3Fs{x — 1), 


and recalling that {—A)^Fs = 6o, one obtains that 

(-A)*n = Ti - a6-i - /3<5i = Ts + Tg G L\R), 


hence with Proposition lA.II 

yli+2!^ ^ ['“]w2‘>.2(]r) = C'II(“^)^^IIl2(]r) < 00, 

and this gives a contradiction if a 7^ 0 or /3 7^ 0 since the integral on the left-hand side does not 
converge in these cases. 

Then T = 0, i.e. (—A)®u =: Ti = T2 -|- T3 and from (l32]l . (l3lt) and (1351) we conclude that 
{—A)^u G LP(M), hence u G as wished. 

Step 3: Conclusion. Recalling that {—A)^u = / in /, from (|2^ we have for x G / 


u{x) = j Gs{x,y)f{y)dy 

I 


2r(2ap) p yr<\y\<^ \x — yf p\y\p 
= : ui{x) -I- n 2 (x), 


dy - 


'r<|y|<i 


Hs{x,y)f{y)dy 


(36) 


where Hs{x,y) is as in Lemma 12.21 

We now want a lower bound for u in the interval [—r, r]. We fix 0 < x < r and estimate 


ui(x) = 


1 


dy 


P-1 


‘2 dy 


y 


2r(2ap) p 

— ( 2 t -h log 


r + 


dy 


1 . . 1 . 
P 


2r(2Q!p) p yp {y-x) pyp J-\ \y - x\ p\y\ 

^ dy \ 


+ 


i 


2r(2Q!p) p 
1 


r y + X 

1 -I- 2x 
1 + ^ 


{2ap 


P-1 


+ 0(r-^). 
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Since Hg is bounded on [—r, r] x we have 


\u 2 {x)\<C i f{y)dy<CT^ \y\ pdy = 0{T ), xe[-r,r]. 

Jr Jo 


Then 


U = Ut > 


- + 0(r on [-r,r], 




as r —)■ oo. We now set 


p-i 


Wt ■= (2t) p Ut ^ Hp'^{I), 
so that ||(—A)^t(;T-||i,p(7) = Ij we compute 




C C’ 

and using that inf[_^,,] tc,- —)• oo as r —>■ oo, we conclude 

lim [ dx = oo, 

T^ooJi 

whenever h satisfies limt^oo d{t) = oo. 


□ 


2.3 A few consequences of Theorem 11.11 

Lemma 2.3 Let u ^ H. Then G fox every p, <7 > 0. 

Proof. Since < C{q)e^^^^, it is enough to prove the case q = 0. Given e > 0 (to be hxed 
later), by Lemma lA.51 there exists v G C^{I) such that 


Using 
we bound 

Using the inequality \ab\ < + 6^) we have 

2puv < 


Ip — u\\jp < s. 

< {v — u)‘^ + 2vu 

.P'uJ < pP{p-u)'^ T^ppu 


(37) 


and for e small enough the right-hand side is bounded in Lp‘{I) thanks to Theorem ll.il Still by 
Theorem 11.11 we have G L?{I) if e > 0 is small enough, hence going back to ([37]) and 

using that v G L°°{I) is now fixed, we conclude with Holder’s inequality that G Lf{I). □ 


Lemma 2.4 For any q,p & (l,-|-oo) the functional 


Eq,p : H 


b Eq^p 


(„) := I 


= / M'^eP^ dx 


is continuous. 


13 








Proof. Consider a sequence —)• u in H. By Lemma 12.31 (up to changing the exponents) 

we have that the sequence fk ■= is bounded in Lp‘{I). Indeed, it is enough to write 

Uk = {uk — u) + u and use the same estimates as in (f37li with u instead of v and Uk instead 
of u. We now claim that /^ —>• / in L^{I). Indeed up to a subsequence Uk ^ u a.e., hence 
fk ^ f '■= a.e. Then considering that since fk is bounded in Lf‘{I) we have 


'{fk>L} 


fkdx < 


L 


'{fk>L} 


fidx<j 


0 as L —)• + 00 , 


the claim follows at once from Lemma lA.91 


□ 


Lemma 2.5 The functional J : LI —)• M defined in ([ISD is of class C°°. 

Proof. This follows easily from Lemma 12.41 since the first term on the right-hand side of (11511 

is simply ^||n||^, and the derivatives of the second term are continuous thanks to Lemma 12.41 

The details, at least to prove that J G C^{H), are essentially as in the proof of Lemma 2.1 of 

[33]. The higher-order differentials are handled in the same way since they have a similar form, 

1 2 

with the non-linear term e 2 “ just multiplied by polynomial terms. □ 

The following lemma is a fractional analog of a well-known result of P-L. Lions |22j . 


Lemma 2.6 Consider a sequence (uk) C H with ||nfc||H = 1 (^iT'd Uk ^ u weakly in H, but not 
strongly (so that ||u||// < Ij- Then ifu ^ 0, is hounded in U’ for 1 <p <p ■.= (1 — ||u|||^)“^. 


Proof. We split 


2 2 
Uk = U ■ 

2 

Then Vk ■= = vvk^iVk^ 2 ^ where v 

^-2nu(u-uk) 2 

Notice now that from 



Uk) + {U- Uk)"^. 

G LP{I) for all p > 


1 by Lemma 12.31 Vk^i = 


— 2pTTu{u 


Uk) < TT 




we get from Lemma 12.31 and Theorem 1 1.1 1 that Vk,i G L'^{I) for all g > 1 if e > 0 is small enough 
(depending on q). But again from Theorem II.II uo i. is bounded in LP(I) for all p < p since 


\\Uk ~ u\\‘jj; — 1 — 2{Uk,u) + ll'ulll^ —>• 1 — 


2 

H- 


Therefore by Holder’s inequality we have that Vk is bounded in LP{I) for all p < p. 


□ 


3 Proof of Proposition 11.2 


For the proof of Proposition 11.21 we will closely follow |3] . Set 


Q{u) := J{u) - ^{J\u),u) = X 


y - 1) + l]dx. 


(38) 
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Remark 4 Notice that the integrand on the right-hand side of ([38]) is strietly convex and has 
a minimum at u = 0; in particular 


0 = (5(0) < Q{u) for every u £ H \ {0}. (39) 

Furthermore by Lemma fS.fl the functional Q is continuous on H and by convexity Q is also 
weakly lower semi-continuous. 

Let us also notice that 

A [ dx = X [ dx + X [ dx 

Jl ■^{|«l<4} J{W\>^} 

<C + X [ ^ ^ 


and hence we have 


A J < (7(1 + Q{u)) for every u £ H. 

We consider a Palais-Smale sequence {uk)k>Q with J{uk) —>■ c. From (fT7)l we get 

{J'{uk),Uk) = o{l)\\uk\\H ask^oo, 


(40) 


and 


Q{Uk) = J{Uk) - -{J'{Uk),Uk) = c + o(l) + o{l)\\Uk\\H- 


(41) 


Then with ()40p we have 


hence, using that Q{uk) > 0 


A j tt|e2“fe(ix < C(1 + llufcll/f), 

A f (e^'^k - {^ dx < C {1 + WukWn), 


so that 

J{uk) > ~ ll'^fcll//)- 

This and the boundedness of {J{uk))k>o yield that the sequence {uk)k>o is bounded in H, 
hence we can extracts a weakly converging subsequence Uk u in H. By the compactness 
of the embedding H ^ (see e.g. [121 Theorem 7.1], which we can apply thanks to [121 
Proposition 3.6], see Proposition lA.ll) . up to extracting a further subsequence we can assume 
that Ufc —>• u almost everywhere. To complete the proof of the theorem it remains to show that, 
up to extracting a further subsequence, Uk ^ u strongly in H. 

By Remark H] we have 


0 < Q{u) < liminf Q{uk) 

k—^oo 


lim inf 
k—^oo 



-U'{uk),Uk) = c 


(42) 


Thus necessarily c > 0. In other words the Palais-Smale condition is vacantly true when c < 0 
because no sequence can satisfy dm)- 
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Clearly (ji2]l implies Q{uk) —)• Q{u) = 0. We now claim that 


uPe 2 “ in L^{I) for 0 < p < 2. 


(43) 


Indeed, up to extracting a further subsequence, from (HOl) and (142]) we get 

If o 1,,2 , „ / 1 


/ nle^<dx < 

>{\uk\>L} ^ ^ J{\uu\>L} 


u\e'2'^kdx = O 


L‘^-P 


and (|43p follows from Lemma lA.91 in the appendix. 

Let us now consider the case c = 0. Since Q{u) = 0, hence u = 0, with ()43]) we get 


^lim ||ufc||f^ = 2^hm + A j dxj = 2X j ^e2“ — 1^ dx = 0, (44) 

so that Ufc —)• 0 is LI and the Palais-Smale condition holds in the case c = 0 as well. 

The last case is when c G (0,7r). We will need the following result which is analogue to 
Lemma 3.3 in [3]. 


Lemma 3.1 Consider a bounded sequence {u^) C H such that converges weakly and almost 
everywhere to a function u £ H. Further assume that: 

1. there exists c G (0,7r] such that J{uk) c; 

2- > A/j-u^e2“^dx; 

3. sup;. tt|e 2 “fcdx < oo; 

4- either 0 or c < ir. 

Then 

lim / u\e^^kdx = / u^e^'^^dx. 
k^oojj Jj 

Proof. We assume u ^ 0 (if u = 0 and c < vr the existence of e > 0 in (|45p below is obvious). 
We then have Q{u) > 0. On the other hand from assumption 2 we get 

J{u) = ■^II'wIIh + Q{u) - ^ [ u^e^^^dx > Q{u) > 0. 

4 2, Jj 

We also know from the weak convergence of Uk to u in H, the weakly lower semicontinuity of 
the norm and ()43p that 

J{u) < lim J{uk) = c, 

k^oo 

where the inequality is strict, unless Uk ^ u strongly in H (in which case the proof is complete). 
Then one can choose e > 0 so that 


1 + 2e 1 

vr c — J{u) 


(45) 
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Notice now that if we set /3 = A/^ ^e 2 “ — dx, then 

\H = 2c + 2/3. 

Then multiplying (I45p by we have for k large enough 

1 + e 


lim 

k—^oo 


2tt 


2 ^ ~ 1 + 2e 

H — P ■— —= hm 


27r k—^oo 




c — J{u) 


u 


H 


2{c + /3) 


-1 


By Lemma [2T] applied to := 

hence e* 2 is bounded in . 
Now we have that 




Nfclln ’ 


we get that the sequence exp(p7TO^) is bounded in L^{I), 


I M|e2“fcdx = / 

l{\uk\>K} J{\uk\>K} 


u\e 2 “fc J e 2 ^kdx 


s,,2\ 1+e -.2 


< 0 ( 1 ) f e 2 ^Idx 

Jib 


'{\nk\>K} 

with 0 ( 1 ) —^ 0 as iL —)• 00 , and we conclude with Lemma lA.91 
We now claim 


I'^Wh — ^ 


j it^e2’ 


dx. 


□ 


(46) 


First we show that ft ^ 0. So for the sake of contradiction, we assume that ft = 0. By Lemma 

o 

lim / ule^^kdx = 0. 
k—^oo Jj 

Therefore, also using (H3]) . we obtain lim^^oo = 0. It follows that 

0<c = lim J{uk)= lim [Qiuk)+ \{J'{uk),Uk)] =0, 

k^oo k—^oo \ Z J 


contradiction, hence ft ^ 0. 

Fix now ip G C^{I) fl H. We have {J'{uk),ip) —)• 0 as A: —)• 00 , since {uk) is a Palais-Smale 
sequence. But, by weak convergence we have that 


{Uk,^)H {u,(p)h- 


Now ()^3|) implies 


Thus we have 


J (fUke^^kdx —J (fue^^^dx, for every ip G C^{I). 

r 1 ~2 

{u,p)h ~ ^ j dx. 


By density and the fact that G for all p > 1, we have that 


{u,u)h = ^ dx, 


I.' 
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hence ()46p is proven. Therefore, we are under the assumptions of Lemma l3.11 which yields 


u\\]j < liminf \\uk\\]j 



Jl 


(47) 



By Hilbert space theory the convergence of the norms implies that ^ u strongly in H, and 
the Palais-Smale condition is proven. 


4 Proof of Theorem 11.3 

We start by proving the last claim of Theorem 11.31 

Proposition 4.1 Let u be a non-negative non-trivial solution to (|14p for some A G M. Then 
0 < A < Ai(/). 

Proof. Let > 0 be as in Lemma IA.8I Then using ^pi as a test function in (|14p (compare to 
(fTop i yields 



Hence A < Ai. Using u as test function in (flTl) gives at once A > 0. 

The rest of the section is devoted to the proof of the existence part of Theorem 11.31 


□ 


Define the Nehari manifold 

N{J) :={ueH\ {0}; {f{u),u) = O} . 

Since, according to (l38]) - (l39]) . J{u) = Q(u) > 0 for tt G N{J), we have 

aiJ) := inf Jiu) > 0. 

ueN{j) 

Lemma 4.2 We have a{J) > 0. 

Proof. Assume that a(J) = 0, then there exists a sequence (uk) C N{J) such that 


J{uk) = Q{uk) —^0 as k ^ oo. 


From (1401) we infer 



(48) 
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which, again using the fact that Uk G implies that Hufclli^ is bounded. Thus, up to 

extracting a subsequence, we have that weakly converges to a function u £ H. From the 
weak lower semicontinuity of Q we then get 


0 < Q{u) < liminf Q{uk) = 0, 

k^oo 

thus J{u) = Q{u) = 0 and (I39jl implies u = 0. On the other hand, we have from (j44jl with u 
replaced by u (which holds with the same proof thanks to (|48l) l 


lim ||ufc||^ = 2 lim 
/c—)-oo fc^oo 


J{Uk) + \ j (^62 


2“fc — 1 



= 0 , 


(49) 


therefore we have strong convergence of Uk to 0. 

Now, if we let and up to a subsequence we assume —)• u weakly in H and 

almost everywhere, we have 

1 = Ibfcll/f = ii™ [ e2“'=u^(ix = A / v'^dx < Xi f v^dx < 1, (50) 

Jj Jj Jj 

where the third equality is justified as follows: From the Sobolev imbedding —)• u in all LP{I) 

for every p G [l,oo), while from ()49p and Theorem 11.11 we have that for every q G [l,oo) the 
1 2 

sequence (ez^fc) is bounded in L^{I), hence from Holder’s inequality we have the desired limit. 
The last inequality in (I50p follows from the Poincare inequality, see (I12h . 

Clearly (f50P is a contradiction, hence a( J) >0. □ 


Lemma 4.3 For every u £ H \ {0} there exists a unique t = t{u) > 0 such that tu £ N{J). 
Moreover, if 

\\u\\‘h — ^ J (51) 

then t{u) < 1 and t{u) = 1 if and only if u £ N{J). 

Proof. Fix u £ H \ {0} and for t £ (0, oo) define the function 


f{t) = ^||u||h ~ ^ j du^ , 

which can also be written as 

f{f) = ~ ^ J '^^dx^ — t^X J dx. 

Notice that tu £ N{J) if and only if f(t) = 0. 

From the inequality 

we infer 

fit) < t^ ~ ^ j ''^‘^dx'^ — J ^^dx, 
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hence 


lim f{t) = -oo. 

t —^~1“CXI> 

Now notice that the function t i—>■ “ — 1^ is monotone increasing on (0,oo), and by 

Lemma 12.31 we have ^e 2 “ — G for P £ [IjOo), so that 

y2 _ 1^ g L^(/). 

Then by the dominated convergence theorem we get 

- l) dx = 0. 

So one has 

v?dx^ + o{t^) as t —>■ 0. 

Hence, f{t) > 0 for t small, since for A < Ai(/) 

(compare the proof of Lemma lA.Sp . 
tu G N{J). The uniqueness of such t 


is increasing. Keeping this in mind, 
t > 1. This implies at once that t{u) 


W'^Wh ~ ^ J > 0 

Therefore there exists t = t{u) such that f{t) = 0, i.e. 
follows noticing that the function 

11 -^ J 

if we assume (f5T]l . then /(I) < 0, hence f{t) < 0 for all 
< 1 and t{u) = 1 if and only if u G N{J). □ 


fit) = 


u 


- A 


/ 


Lemma 4.4 ITe have a{J) < tt. 

Proof. Take w G H such that ||rc||// = 1 and let t = t^w) be given as in Lemma [4.31 so that 
tw G N{J). Then 

^2 ^2 
a(J) < .J{tw) < -\\w\\l = j- 

Now using the monotonicity of t e-)• Jjw'^e^^'^dxwe have 


A ^ r(;2e“(fo"''dx < A ^ = 1. 


Thus 


sup A f u;2e“(fo«'"dx < 1, 
w\\fi = l Jl 


and Theorem 11.11 implies that a(J) < vr. 


□ 


Lemma 4.5 Let u G N{J) he such that J'{u) / 0, then J{u) > a{J). 
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Proof. We choose h £ H such that {.J'{u),h) = 1, and for a G M we consider the path 
crt{a) = au — th, t G M. Remember that by Lemma 12.51 J G C^{H). By the chain rule 

^J{at{a)) = -{J\atia)),h), 
therefore, if we set t = 0, a = 1 we find 

= -{j\u),h) = -l. 

t=0,a=l 

Hence there exist 5 > 0 and e > 0 such that for a G [1 — e, 1 + e] and t G (0, (5] 




J{at{a)) < J{ao{a)) = J{au). 


(52) 


Now we consider the function / defined by 

Ma) = \\crtia)\\H 

which is continuous with respect to t and a by Lemma [2.4l Notice that since u G N{J) we have 


fo{a) = 


62 " 



dx 


and /o(l) = 0. Since the function a u^(e 2 “ — ez" “ ) is decreasing, by continuity we can 
find ei G (0,6) and G (0,(5) such that 


/i(l-6i)>0, /t(l + ei)<0 for t G [0,(5i]. 


Then if we fix t G (0, (5i] we can find at G [1 — ei, 1 + ei] such that ft{oLt) = 0, i.e. crt(at) G N{J), 
and from (|52|) we get 

a{J) < J{at{at)) < J{atu). 


Since 

-^J{au) = /o(a), 
da 

and fo{a) > 0 for a < 1 and fo{a) < 0 for a > 1, we get 


J{au) < J{u) for a G M, 


and we conclude that 

a{J) < J{crt{at)) < J{atu) < J{u). 

□ 

Proof of Theorem \1.3\ (completed). To complete the proof it is enough to show the existence of 
uq G N{J) such that J{uq) = a(J). We consider then a minimizing sequence {uk) C N{J). 

We assume that changes sign. Then since G N(J) we have 
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where we used (f6^ . hence by Lemma 03] there exists tk = < 1 such that tk\uk\ G N{J), 

whence 

J(tk\uk\) — Qitklukl') ^ Q(l^fcl) — Qi^k) — J{uk\ 

where the inequality in the middle depends on the monotonicity of Q. Hence up to replacing 
Uk with tk\uk\ we can assume that the minimizing sequence (still denoted by (uk)) is made of 
non-negative functions. 

Since J{uk) = Qiuk) < C we infer from (|40|) 


< C 


and for Uk G N{ J) we get 


H ^ 


< C. 


Thus up to a subsequence Uk weakly converges to a function uq £ H, and up to a subsequence 
the convergence is also almost everywhere. 

We claim that uq ^ 0. Indeed if uq = 0, then from (031), we have that — 1^ —>• 0 in 

L^{I). Thus 

J{uk) + X j (^e 


lim 

k^oo 


H = 2 lim 

fc—>-OD 


e 2 “fc — 1) dx 


= 2o(J). 


Then according to Theorem ll.il since a( J) < tt we have that e 2 “fc is bounded in for some p > 

1 2 

1, hence weakly converging in LP{I) to e 2 “o. From the compactness of the Sobolev embeddings 
(see [121 Theorem 7.1], which can be applied thanks to Proposition lA.ip . up to a subsequence 
u\ —>■ Uq strongly in (I), hence 


and with Lemma 14.21 and 


which is a contradiction. 
Next we claim that 


lim / u|e2“fcdx = / UQe^^°dx = 0, 
k^oojj Jj 

one gets 


0 < a{J) = lim J(ufc) = lim Q{uk) = 0, 

k-^-oo k—^oo 


So we assume by contradiction that this is not the case, i.e. 


'^ > X J Ugea^odx. 


H 


Then from Lemma l3.11 Lemma 14.41 and the weak convergence, we have that 

< liminf ||ufc|||^ = liminf A / u|e2“fcdx = X UQe^'^odx, 
fc—)-oo k^oo J j J j 
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again leading to a contradiction. 

From Lemma 14.31 we have that there exists 0 < t < 1 such that tuo G Taking Remark 0] 

into account we get 


a(J) < J{tuo) = Q{tuo) < Q{uo) < liminf Q{uk) = a{J). 

k^oo 

It follows that t = 1, since otherwise the second inequality above would be strict. Then uq G 
N{J) and J{uo) = a{J). By Lemma H3] we have J'{uq) = 0 □ 


5 Proof of Theorem 11.5 

For u G we set |u|* : M —)• to be its non-increasing symmetric rearrangement, whose 

definition we shall now recall. For a measurable set A C M, we define 

A* = {-\A\/2M\/2). 

The set A* is symmetric (with respect to 0) and |^*| = |^|. For a non-negative measurable 
function /, such that 

Ijx G M : f{x) > t}| < oo for every t > 0, 
we define the symmetric non-increasing rearrangement of / by 

/•OO 

f*ix)= X{yeR:f{y)>trix)dt. 

Jo 

Notice that f* is even, i.e. f*{x) = f*{—x) and non-increasing (on [0,oo)). 

We will state here the two properties that we shall use in the proof of Theorem 11.51 The 
following one is proven e.g. in m Section 3.3]. 


Proposition 5.1 Given a measurable function T : M —^ M and a non-negative non-decreasing 
function / : M —)• M it holds 

[ F{f)dx = [ FiDdx. 

Jr Jr 

The following Polya-Szegd type inequality can be found e.g. in [18] (Inequality (3.6)) or [27] . 


Theorem 5.2 Let u G FI®’^(]R) for 0 < s < 1. Then 



u\*\‘^dx < 


\{—/S.y u\‘^ dx. 


Now given 

and according 

111 1 ^ 11 ^ 

Wm 1 9 


u G iL2’2(M)j from Proposition 15.11 we get 

J (e™' - l) dx = J - l) dx, 

to Theorem 15.21 

= iii^riiiRR) + / < ii^iiiRR) 

J M 


\U\ 


+ 


L2 = \\U\\l2, 


\{—A)4,u\‘^dx 


2 

H2’2(R)' 
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Therefore in the rest of the proof of (j2ip we may assume that u £ H 2 ’^(M) is even, non-increasing 
[ 0 , 00 ), am 
We write 


on [ 0 , 00 ), and ||ri|| 1 , < 1 . 


e™ -l]dx = 


- 1) dx + f (e™' - 1) dx =; (/) + (//), 


where I = (—1/2,1/2). We start by bounding (I). By monotone convergence 


oo « 

k=i 


h “ 7 

TT^—^dx. 

k\ 


Since u is even and non-increasing, for x 7 ^ 0 we have 


rt^(x) < 


I f\x\ 


2 x 


'-\x\ 


v?{y)dy < 


Il2 


2 X 


hence for k > 2 we bound 


L 


u^^dx < 2^ ^ 1 ^ 11 ^ 2 ( 15 ) 


r-cxD 2 ||M 

—rdx = 


12k 


' 1 X'' 

2 


(k-1) 


It follows that 


°o /■ °° ("tt 

Y. 

k=2 ^ k=2 


2 \k 


(MMh) 


klik-l) 


Thus, since ||ri||L 2 m') < 1 we estimate 


(I) < 7r||«||^2(K) 1 + 


°° TT m 


L 2 (K) 


{k + iy.k 


< c. 


We shall now bound {II). We define the function x : M —)■ M as follows 

' u{x) — u(^) if |x| < ^ 


v{x) = 


if |x| > 


Then with ()5.Sp and the estimate 2a < a? + 1, we find 

-|- 2vu{\) + u{\)‘^ 

<V^+ 2u||u||j;^2(r) -I- ||M||i2(R) 


<V^+ X^||u|| r2m^ + 1 + 


< (1 + \\u 


+ 2 . 


Now, recalling that u is decreasing we have for x G / = [— 2 , 5 ] 


/ 

Jm. 


1n\2 


(x(x) - u(y ))2 ^ _ f {u{x) - u{y))‘^ ^ f {u{x) - u{I)) 


{x - y) 


2 dy= L dy + dy 


< 


I 


I (x-y) 

(u(x) - u (?/))2 


(x - yf 


dy. 


(53) 


(54) 
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Notice that the last integral converges for a.e. x G / thanks to Proposition lA.ll and Fubini’s 
theorem. Similarly for x G 


(v(x) - v( y)) 
(x-y) 


< 


< 


(u(^) - u(y))2 

2 dy 


2 dy = dy 


(x - y)" 
u(x) - u(y)f 


I. 

Ik -'"''2 


{x - y) 

u{x) - u{y)f 


Integrating with respect to x we obtain 

||(-A)i„|li.,„, = A / / 

'-'s JkJk 


{x - y) 

{v{x) - v{y)f 


dy. 


< 


Cg H 


(x - y)2 
(u(x) -u{y)f 


{x - y) 

where Cg is as in Proposition lA.II below. Thus, since ||u||i^ < 1, 


dydx 
2 dydx 


(—A)4tl 


< III- 


^)*'^\\‘l^{k.) — 1 11 ^ 


Therefore, if we set w = v^l + we have 

||(-A)3u;|||2(r) < (l + \W 


1 — ||tt 


< 1, 


hence, using the Moser-Trudinger inequality on the interval I = (—1/2,1/2) (Theorem [FT]) , one 
has 

[ e'^^^dx < C, 


and using (l5l]l 


I dx < J dx < C, 


which completes the proof of (|2ip . 

It remains to prove (|23l) . Given r > 2 consider the function 


A - 1 

J ■ ^^^j]^^X{x&K-.r<\x\<6}i 0 . r. 

Notice that ||/||£ 2 (r) = (2t)“^. Fix a smooth even function V’ : K —>• [0,1] with = 1 in [—i, i] 
and supp(t/’) C (—1,1). For x G M we set 

u{x) = 'tp{x){Fi * /)(x), 

4 

where Fi{x) = ( 27 r|x |)“2 is as in Lemma l2.II Clearly rt = 0 in M \ /, and u is non-negative and 

4 

even everywhere. 
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In the rest of the proof s = |. Notice that {—Ay{Fs */) = /• This follows easily from 
Lemma O and the properties of the Fourier transform, see e.g. m Corollary 5.10]. Then we 
compute 


and set g{x, y) 


{-AYu- 

{Y - l){x)Fsix 


f + {-AY[{Y-l){F,*f)] =:f + v, 

y). Notice that g is smooth in M X 5 ). We write 


(55) 


v{x) = {-AY g{x,y)f{y)dy 
Jr 

= [ i-‘^xYg{x,y)f{y)dy, 

where we used Proposition IA.7I and Fubini’s theorem. With Jensen’s inequality 

2 


u 


L 2( IR ) 


'{r<|y|<5} 


{-AxYg{x,y)f{y)dy 


dx 


<2(S-r) [ f{yf [ \{-Axygix,y)\^ dxdy 

J{r<\y\<S} Jr 

^ 2 J||/||^ 2 (ir) sup [ \{-Axyg{x,y)\‘^ dx 
< C{6T-y = 0 (r-2), 


(56) 


where we used that 

sup / \{-Axyg{x,y)\'^ dx < 00 . 

|2/|e[r,(5] Jr 

This in turn can be seen noticing that {—Axyg{x, y) is smooth, hence bounded on [—i?, R] x [r, J] 
for every R, and for |x| large and r < \y\ < 6, using Proposition IA.7I 


i-^xyg{x,y) = Cs [ 

Jr 


-Fs{x -y)- {Y{z) - l)Fs{z - y) 


\z — xP+ 2 * 


dz 


^ -Y{z)Fs{z-y) 


\z — xP+ 2 ^ 


dz - {-AyFsix - y) 


1 


= 0{\x\ ^ uniformly for \y\ < —, 

where we also used that {—AyFg = 0 away from the origin, see Lemma l2.II Actually, with the 
same estimates we get 

[ < 2((5 - r)||/||^ 2 (R) / sup {{-AxYgix,y)y dx 

J-5 ^ ' J-5 (a;,y)e[-<5,(5]2 


< C5^ 


= 0{t 


- 3 \ 


Therefore, using Holder’s inequality and that supp(/) C [—J, J] we get 


-^yu\\l 2 (^^^ = \\f\\l 2 + \\v\\l 2+2 J ^fvdx = ^ + 0 {t y, asT^oo. (57) 


26 










We now estimate u. For 0 < x < r, with the change of variable y = a/ f we have 


u{x) = 


1 


1 


+ 


1 


2 tV^ Jr \ \/{y - x)y ^/{y + x)y 
1 


dy 


I 


1 1 

+ 


■V^ Jy/^ V - 1 \/PTl 
1 


dy 


Tyf^ 

1 


log(Vy2 _ X + y) 


+ log(Vy2 + 1 + y) 




+ o(r-'), 




with |rO(T ^)| < C as r —)• oo with C independent of x G [0, r]. 
Similarly for r < x < 5 we write 


u(x) < 


1 


Ty/^ 

2 

Tyf^ 

1 


i: 


dy 


+ 


f 


dy 


\/{x- y)y Jx V(x - y)y 
dy 


\/i - r 


+ 10g(\/y2 _ 1 y) 


T 




log - +0(1) 


since Jq , ^ < oo. Here |0(1)| < O as r —)• oo with C independent of x G (r, (5). 

\ 1 y 

When (5 < X < 1 similar to the previous computation, and recalling that 0 < "0 < 1, 


u{x) < 




dy 


r 

•'Vi 


dy 


< 


dy 


= O(r-i) 


y)y tV^Jo Vi - 


with |rO(T ^)| < O as r —)• oo with C independent of x G (0,1). Thus 


^(^) = ^ + OiT 1 ) 


for 0 < X < r 


for r < X < (5 

u(x) = 0(r“^) for (5 < X < 1. 


Of course the same bounds hold for x < 0 since u is even. 
We now want to estimate We have 


(58) 


J Vdx = r^^ + 0(r ^)^ = 0 (t ^). 


For X G [r, (5] we have from 


C 


u{x) < ^ log 


+ log 


X 


+ 1 < 


20 




log' ( - I + 1 
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Then, since 


log^ dx = x ^log^ + 21 og + 2 ^ 


< 25 = 0(r-^), 


we bound 


Finally, still using 


Also considering (1571) . we conclude 


/ u^dx = 0{t ^). 

J r 

j v?dx = 


lli 2 (R) - 2 hlli 2 ([ 0 ,i]) - 0(t 2 ), Ikf -^ + 0(t 


2 


.- 2 ^ 


2 r 


Setting rt;r:=n||n|| i , and using (l58]l and ([59]), we conclude 




\wr\‘^ (e™' - l) dx > - l) dx 


> 


rre^ 1 


C C’ 


therefore 


lim 

T^OO 


/ h{Wr) 

JR 


-l]dx> 


/ r 

h{Wr) 

-r 


-Udx^oo 


as r ^ oo, for any h satisfying 


(59) 


□ 


A Some useful results 


We define 

:= |u G LP{R) : '■= < °°} • 

Proposition A.l For s G (0,1) we have, [M]^ys, 2 (]K) < oo if and only if {—A) 2 u G L^(M), and 
in this case 

= CsIK —A) 2tt||i2(R), 

where [u]^s, 2 (r) is as in (fhOll and Cg depends only on s. In particular = VF^’^(M). 

Proof. See e.g. Proposition 3.6 in [12] . □ 


Define the bilinear form 


Bs{u,v) = [ [ 
»/ M M 


(u(x) - u{y)){v{x) - v{y)) 


lx - y\ 


l+2s 


dxdy, for u, x G 


where the double integral is well defined thanks to Holder’s inequality and Proposition lA.ll 
The following simple and well-known existence result proves useful. A proof can be found 
(in a more general setting) in [14j . 
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Theorem A.2 Given s G (0,1), / G T^(/) and g : I 

i9{x)-9{y)r 


II 

JI Jm. 


I —)• M such that 
dxdy < oo, 


( 61 ) 


there exists a unique function u G + g solving the problem 

Bs{u,v) = / fvdx for every v G 

Js. 

Moreover such u satisfies (—A)*u = in I in the sense of distributions, i.e 
f u{—Ayipdx = -^ f fipdx for every if & {!), 

Jr 2 Jr 

where Cg is the constant in Proposition \A. 7| 

The following version of the maximum principle is a special case of Theorem 4.1 in di- 

proposition A.3 Let u G H^'^{I)-\-g solve (1621) for some f G L‘^{I) with / > 0 and g satisfying 
(mD and g > 0 in P. Then rt > 0. 

Proof. From Proposition lA.ll it easily follows u~ := min{rt,0} G Then according to 

( 16 ^ we have 


(62) 


(63) 


Q>B. 


(n+(x) + u {x)-u'^{y)-u {y)){u {x) - u {y)) 


= f f (^■(^)-^“(y))^ 

Jm. iJm. 


dxdy 


u-^{x)u (y) 

x-y\i+2s k-2/11+2^ 


-dxdy — 2 


II 


dxdy 


where we used that u~^u = 0. Since the second term in the last equality is non-negative, it 
follows at once that u~ = 0, hence u > 0 . □ 

Proposition A.4 Let u G be as in Theorem \A.2i (with g = 0), where we further assume 

f G L°°(/). Then 

|ii(a;)| < C'||/||ioc(j)(dist(x,5I))* 

for every x G /. In particular u is bounded in I and continuous at dl. 

Proof. This proof is inspired from |29j. where a much stronger result is proven, i.e. 'u/(dist(-, 9/))* G 
(7“ (7) for some a > 0 . 

To prove the proposition we assume as usual that I = (—1,1) and recall that 


w{x) := 


(1 — |xf for X G (—1,1) 
0 for |x| > 1 


belongs to and solves {—A)^w = 'jg for a positive constant jg, in the sense of Theorem 

IA.21 i.e. ([62]) holds with u = w and / = 7 s (see e.g. [H]). Then 

_(-A)^ ^ {-Afu ^ {-Afw 


Is 




Is 


29 

















and Proposition IA.3I gives at once 




7s 


w < u < 




7s 


w 


in I. 


We conclude noticing that 0 < w{x) < 2^(dist(x,5/))^. □ 

The following density result is known for an arbitrary domain in M”. On the other hand, 
its proof is quite complex in such a generality, hence we provide a short elementary proof which 
fits the case of an interval. 


Lemma A.5 For s G (0,1) and p G [l,oo) the sets C^{I) (I ^ 'R is a bounded interval) is 
dense in 

Proof. Without loss of generality we consider I = (—1,1). Given u G and A > 1, set 

u\{x) := u{Xx). We claim that u\ ^ u in as A —)• 1. Indeed 

IkA — = 11^ “ + 11-^ /a “ /IIlp(K)! 

where / = {—A)^u and f\{x) := /(Ax). Since / G LP{R) it follows that ||A*/a — /||lp(k) —>• 0 
as A —)• 1, since this is obviously true for / G (7*^(1^) with compact support, and for a general 
/ G T^’(R) it can be proven by approximation in the following standard way. Given e > 0 choose 
fe G G°(M) with compact support and ||/e — /||lp(k) < e. Then by the Minkowski inequality 

W^^fx — /IIlp(R) < W^^fx — A^/e,A||LP(R) + ll^'^/£,A “ /£||lp(R) + \\fe “ /||lp(R) 

< e\ P + ||A^/e^A — /£||lp(R) + 

and it suffices to let A —>• 1 and s ^ 0. Similarly ||u — —)• 0 as A —>• 1. 

Now given d > 0 fix A > 1 such that ||ma — 'w||_ffs,p(R) < d and let p be a mollifying kernel, i.e. 
a smooth non-negative function supported in I with fj pdx = 1. Also set Pe{x) := e“^p(e“^x). 
Then noticing that u\ is supported in [—A“^, A“^] (s /, for e > 0 sufficiently small we have that 
Pe* ux £ To conclude the proof notice that 

Pe*ux^ ux in as e ^ 0 , 


since 

(-A)i(pe * Ux) = Pe* (-A)iuA (-A)iuA in LP(M) as e 0, 

and use the Minkowski inequality to conclude that pe * ux ^ u m H^’P{I) as e —)• 0 and A | 1. 

□ 

Proposition A. 6 Let / <s M 6e a bounded interval and s G (0,1). Let u G Ls(R) satisfy 
(— A)^u >0 in I (i.e. {u, (— A)^(p) > 0 for every ip G C^{L) with p > 0), u > 0 in and 

liminfu(x) > 0. (64) 

x^dl 

Then u > 0 in I. More precisely, either u > 0 in I, or u = 0 in M. 

Proof. This is a special case of Proposition 2.17 in [32]. □ 
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Remark 5 The statement of Proposition 2.17 in is slightly different, since it assumes u to 
he lower-semicontinuous in I. On the other hand, lower semicontinuity inside I already follows 
from f92l Prop. 2.15]. What really matters is condition (I64p . That an assumption of this kind 
(possibly weaker) is needed follows for instance from the example of Lemma 3.2.4 W- 

The following way of computing the fractional Laplacian of a sufficiently regular function is 
often used. 


Proposition A. 7 For an open interval J C M., let s & (0, and u € Ts(M) n for 

some a € (2s, 1], or s ^ u G Ls{M) n for some a G (2s — 1,1] • Then 

((-A)*u)|j G C^(.J) and 


(-Ayu(x) = CsP.V. 


u{x) - u{y) 

|a;_y|i+ 2 . 


Cs lim f 

^^0 7R\[a;-£,3;+e] 


u{x) - u{y) 

\x-y\i+2s 


for every x € ,J. This means that 

{{-Ayu,(p) = Cs [ (p{x)P.V. j ^^J dydx, for every (p £ 

Proof. See e.g. [32l Prop. 2.4] □ 


Lemma A .8 Let ipi £ H = (I) be an eigenfunction corresponding to the first eigenvalue 

Ai(/) of (—A) 2 on I. Then (pi > D a.e. on I or pi <0 a.e. on I and the corresponding 
eigenspace has dimension 1 . 


Proof. Recall that the hrst eigenvalue Ai(/) can be characterised by minimizing the following 
functional 


Fiu) = 


\u\ 


H 


fj u^dx^ 


that is. 


Ai(/) = min Fiu). 

u&H\{0} 


On the other hand using Proposition [AT] we get that for any u £ H 

^ ^ (lu(x)l-lu(y)l)2 


WW'h — 


If 


(X - yfi 


(x - yf 


dxdy = jjjuj 


Lff! 


(65) 


hence, F{\u\) < F{u), and F{u) = T(luj) if and only if u is non-negative or non-positive. 
Therefore if F{pi) = Ai, then pi does not change sign. Moreover Theorem A.l in [9] gives us 
> 0 or (^1 < 0 almost everywhere in /. Any other eigenfunction corresponding to Ai must 
also have fixed sign, hence it cannot be orthogonal to (pi, therefore it is a multiple of <y9i. □ 


Lemma A.9 Consider a sequence {fk) C L^{I) with fk^f o-e. and with 

f fkdx = o(l), 

J{fk>L} 

with o(l) —)• 0 as L —)• oo uniformly with respect to k. Then fk^fin L^{I). 


(66) 
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Proof. From the dominated convergence theorem 


mm{/fc,L} min{/,L} in L^{I), 


and the convergence of fk to / in follows at once from (16611 and the triangle inequality. □ 
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